Abstract. Schrödinger operator on half-line with complex potential and the corresponding evolution are studied within perturbation theoretic approach. The total number of eigenvalues and spectral singularities is effectively evaluated. Wave operators are constructed and a criterion is established for the similarity of perturbed and free propagators.
Introduction
Given bounded complex valued potential V (x) consider in H = L 2 (0, ∞) an operator
generated by Dirichlet boundary condition at zero. Such an operator proves to be quite a simple and rather capacious model which displays a number of effects typical for perturbation theory in nonselfadjoint setting (see [1] and [2] ). Besides that, Schrödinger operator with complex potential is known (see [3] ) to appear in the study of open quantum mechanical systems with energy dissipation. Certain difficulties in the study of Schrödinger operators with complex potential are due to the lack of an a priori information about the behavior of the resolvent R V (λ) = (L V − λI) −1 near the points of the spectrum σ(L V ) as well as complicated structure of the spectrum itself. In this context an essential role is played (see [4] ) by the spectral singularities, i.e. poles of the analytic continuation of the resolvent integral kernel which are embedded into continuous spectrum. It turns out that the crucial information about spectral properties of operator L V can be extracted from the so-called Jost function which coincides under appropriate assumptions (see [5] ) with Fredholm determinant
For one-dimensional Schrödinger operators the so-called transformation operators prove to be an effective tool in the study of spectral similarity as well as for the solving of direct and inverse scattering problems. In turn scattering theory itself provides an adequate construction of transformation operators intertwining perturbed operator with unperturbed one. This approach was elaborated in [6] and [7] for Schrödinger operator with complex potential; to this end wave operators are constructed by means of comparison of the corresponding perturbed and unperturbed propagators e itL V and e itL 0 . Note that the problem concerning similarity of the part of operator L V associated with its continuous spectrum and unperturbed operator L 0 corresponding to V (x) ≡ 0 is closely related to generalized eigenfunction expansion problem (cf. [8] ).
The present paper is organized as follows. In Section 1 some auxiliary estimates for certain solutions to stationary Schrödinger equation are derived. These estimates will be used both in the proofs of Theorem 1 and Theorem 2 below.
In Section 2 we study discrete spectrum of operator L V . Theorem 1 gives an effective upper bound for the total number of both its eigenvalues and spectral singularities under certain assumptions imposed on the potential V (x) which allow the resolvent integral kernel to possess an analytic continuation through the continuous spectrum cut. Such estimates in nonselfadjoint case have been previously obtained for Boltzmann transport operator in [9] (see also [10] ).
Analytic properties of the resolvent R V (λ) = (L V − λI) −1 are investigated in Section 3. Within the present context the notion of relative smoothness which is due to Kato will be useful. Operator A is said to be smooth with respect to L V if for an arbitrary ϕ ∈ H vectorvalued function AR V (λ)ϕ belongs to Hardy classes H ± 2 in upper and lower half-planes C ± . For potentials V (x) such that
operator A = √ V proves to be smooth with respect to L V provided that spectrum σ(L V ) is purely continuous without spectral singularities embedded.
In Section 4 we prove Theorem 2 which is a criterion of similarity L V ∼ L 0 within the class of potentials possessing the first momentum ( * ). It was established in [6] that under the condition
operator L V = L 0 + V is similar to L 0 and moreover this similarity is implemented by explicit construction of the corresponding wave operators. Sufficient condition ( * * ) is sharp in the sense that numerical upper bound is the best possible. Otherwise a counterexample shows that an obstacle to the similarity is emission of an eigenvalue of L V . Theorem 2 thus extends and supplements the class of potentials restricted by the Kato condition ( * * ).
Estimates for solutions to Schrödinger equation
for k ∈ C + is known to have (see [1] ) the so-called Jost solution e(x, k) specified by its asymptotics e(x, k) ∼ e ikx at ∞.
Then for arbitrary k ∈ C, Im k > −a/2, and α ∈ [0, 1] Jost solution to equation (1) admits for x 0 the estimate
Making use of the inequality | e iz − 1| |z| max{1, e −Im z }, one can inductively verify the estimate
Due to this fact under the condition (2) series e(x, k) = e ikx ∞ n=0 ε (n) (x, k) converges uniformly in k and x, hence it represents a solution to integral equation
being exactly Jost solution to (1) appropriately evaluated.
Corollary 1.
In particular when k ∈ C + one gets the following estimate
Denote by s(x, k) a solution to equation (1) determined by initial data s(0, k) = 0 and s ′ x (0, k) = 1. It proves to be a solution of integral equation
and hence the following inequality
holds true since | sin kx| |k| xe Im k x . Applying Gronwall's lemma one immediately gets
is valid for arbitrary k ∈ C + and all x 0.
Estimate for the number of bound states
The spectrum of operator L V = L 0 + V with complex-valued potential V (x) integrable on R + consists of continuous and discrete components
Thus the set σ d (L V ) of eigenvalues of operator L V is bounded, at most countable and its accumulation points (if any) belong to the half-line R + . Note that operator L V has no positive and thus embedded eigenvalues.
Definition. Real zeroes of Jost function e(k) correspond to the distinguished points λ = k 2 of continuous spectrum σ c (L V ) called spectral singularities.
Provided that Denote by R the minimal radius of discs containing all the zeroes of Jost function in the closed upper half-plane. Estimate (5) implies that
, α ∈ [0, 1) .
An upper bound for the number (i.e. total multiplicity) N(V ) of eigenvalues and spectral singularities of operator L V = L 0 + V is given by Theorem 1. Suppose that for a certain a > 0 integral (2) converges. Then given arbitrary α, β ∈ [0, 1) and A > max{ R(α), R 2 /a − a/4} one has the inequality
Proof. Total multiplicity N(V ) of eigenvalues and spectral singularities of operator L V coincides with the number of zeroes of Jost function e(k) in the closed upper half-plane C + . Moreover all of them are located in the domain
To estimate the value N(V ) which does not exceed the number of zeroes of function ϕ(z) := e(z + iA) in the disc |z| √ A 2 + R 2 we apply Nevanlinna-Jensen formula. Note that √ A 2 + R 2 < A+a/2 because A > R 2 /a−a/4. Choosing arbitrary ρ ∈ ( √ A 2 + R 2 , A+a/2) one has
In order to evaluate absolute value of ϕ on the circle |z| = ρ use inequality (5) with α replaced by β :
Also by virtue of (5) for α ∈ [0, 1) we obtain
where the right-hand side is positive since A > R(α). Thus for an arbitrary ρ ∈ ( √ A 2 + R 2 , A + a/2) the inequality
is valid. Passing here to the limit as ρ → A + a/2 we complete the proof. 
Kato smoothness property
, is known (see e.g. [1] ) to be an integral operator with the kernel R V (x, ξ, λ) = s(min{x, ξ}, k) e(max{x, ξ}, k) e(k) .
Denote by A and B operators of multiplication by functions a(x) and b(x) such that
Lemma 3. Under the condition ( * ) operator function e(k)AR V (k 2 )B : H → H is analytic in C + and for all k ∈ C + the inequality
holds true with the constant C = exp √ V 2 .
By virtue of (3) and (4) the integral kernel of the resolvent R V (λ) satisfies the estimate
and hence one has
is meromorphic in C + so that its poles are located at the zeroes of e(k). In due turn operator function e(k)AR V (k 2 )B is holomorphic and (according to the above estimate) bounded in the vicinity of each resolvent pole and therefore all these singularities are removable. Statement 2. Suppose that condition ( * ) is fulfilled. If e(k) = 0 for k ∈ C + then operator A = √ V is relatively smooth in the sense of Kato with respect to L V , i.e.
Indeed, according to resolvent identity one has
where B = |V |. By Lemma 3 operator BR 0 (k 2 )B is bounded uniformly in C + and this property guarantees (see [6] ) relative smoothness of A with respect to selfadjoint operator L 0 , i.e.
Further, under the imposed assumptions Jost function e(k) is bounded away from zero in C + . Taking this fact into account and applying Lemma 3 once again we come to the conclusion that operator AR V (k 2 )B is bounded uniformly in C + and hence (7) and (8) imply (6).
Wave operators and similarity criterion
Stationary wave operators to be constructed below intertwine the resolvents R 0 (λ) and R V (λ) and therefore the same holds true for the corresponding propagators e itL 0 and e itL V . This enables one to take advantage of time-dependent scattering theory technique in our setting (cf. [12] ).
Theorem 2. Suppose that bounded potential V satisfies condition ( * ) and operator L V = L 0 + V has neither eigenvalues nor spectral singularities. Then direct and inverse wave operators
Proof. Following [6] define operators W ± by means of their bilinear forms
For arbitrary ϕ, ψ ∈ H vector functions AR 0 (λ)ϕ and BR V (λ) * ψ belong (by Statement 2) to Hardy classes H + 2 and H − 2 respectively. Thus integral on the right-hand-side of (9) represents a bounded linear functional which determines a bounded everywhere defined linear operator. An intertwining relationship for the resolvents
can be verified straightforwardly. To this end one should match the corresponding forms (W ± R 0 (λ)ϕ, ψ) and (W ± ϕ, R V (λ) * ψ) making usage of Hilbert identity and boundary value properties of functions from Hardy classes (cf. Lemma 2.4 from [6] ).
Further introduce operators W ± via the corresponding bilinear forms
In the same way as above Statement 2 guarantees that operators W ± are well-defined and bounded. Moreover it turns out that W ± = W −1 ± ; to verify this fact it suffices to apply the scheme of the proof of Lemma 2.5 from [6] . Thus the relationship
holds true and implies similarity L V = W ± L 0 W ± which certainly involves the inclusion
Finally let us show that W ± = s -lim t→±∞ e itL V e −itL 0 and
Intertwining relationship (10) can be derived from the corresponding equality for resolvents under the action of Laplace transform and moreover (10) may be treated as a definition of the propagator e itL V . Application of Parseval equality to (9) and taking (10) into account for arbitrary ϕ, ψ ∈ H give (W + ϕ, ψ) = (e itL V e −itL 0 ϕ, ψ) + i itL 0 W ± is bounded while the corresponding generator L V is a spectral operator in the sense of Dunford [13] .
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